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Abstract. We systematically develop Bridgeland's Bril_ and Bridgeland- 
Maciocia's BriM techniques for studying elliptic fibrations, and identify cri- 
teria that ensure 2-term complexes are mapped to torsion-free sheaves under a 
Fourier-Mukai transform. As an application, we construct an open immersion 
from a moduli of stable complexes to a moduli of Gieseker stable sheaves on 
elliptic threefolds. As another application, we give various 1-1 correspondences 
between fiberwise semistable torsion-free sheaves and codimension-1 sheaves 
on Weierstrass surfaces. 

1. Introduction 

Fourier-Mukai transforms have been used extensively to understand stable sheaves 
and their moduli. We mention only a few works below, and refer to [BBR for a 
more comprehensive survey on this subject. 

One important problem on Calabi-Yau threefolds is the construction of stable 
sheaves. In |FMWj . Friedman- Morgan- Witten developed a technique for construct- 
ing stable sheaves on an elliptic fibration X, using the notion of spectral covers. In 
their method, there is a 1-1 correspondence, via a Fourier-Mukai transform, between 
the stable sheaves on X and line bundles supported on lower-dimensional subva- 
rieties (namely, the spectral covers) of the Fourier-Mukai partner X. This allows 
us to translate moduli problems for sheaves on X to those on a lower-dimensional 
variety, for which we have more tools at our disposal. This aspect of Fourier-Mukai 
transforms is especially relevant to the conjectural duality between F-theory and 
heterotic strings (see [CDFMRl IRP] . for instance). 

On a broader scale, Fourier-Mukai transforms can be used to describe various 
moduli problems on a variety X in terms of moduli problems on its Fourier-Mukai 
partner X. For instance, Bruzzo-Maciocia |BruM| showed that if X is a reflexive 
K3 surface, then Hilbert schemes of points on X are isomorphic to moduli spaces 
of stable locally free sheaves on X, with the isomorphism given by a Fourier-Mukai 
transform. And in [Brilj . Bridgeland showed that if X is a relatively minimal 
elliptic surface, then Hilbert schemes of points on X are birationally equivalent 
to moduli of stable torsion-free sheaves on X. If X is an elliptic threefold, then 
Bridgeland-Maciocia [BriM showed that any connected component of a complete 
moduli of rank-one torsion-free sheaves is isomorphic to a component of the moduli 
of stable torsion- free sheaves on X. 

Since Bridgeland's work on stability conditions on triangulated categories |Bri2[ 
IBri3j appeared, there has been a lot of focus on stable objects in the bounded 
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derived category of coherent sheaves D(X) of a variety X - which are chain com- 
plexes of coherent sheaves on X - and their moduli spaces. These moduli spaces 
and the associated counting invariants have rich connections with mirror symmetry. 
And now, using Fourier-Mukai transforms, we can translate moduli problems for 
complexes on X to moduli problems for sheaves on A, the latter being better under- 
stood. Recent works along this line include: Bernardara-Hein |BH] and Hein-Ploog 
[HP] for elliptic K3 surfaces, Maciocia-Meachan |MM| for rank-one Bridgeland sta- 
ble complexes on Abelian surfaces, Minamide-Yanagida-Yoshioka [MYYi IMYY2] 
for Bridgeland stable complexes on Abelian and K3 surfaces, and the author |Lo4j 
for K3 surfaces. 

By using Fourier-Mukai transforms to construct open immersions or isomor- 
phisms from moduli of complexes to moduli of sheaves, we can use existing results 
on moduli of sheaves to better understand moduli of complexes, such as computing 
their counting invariants, showing that they are fine moduli spaces, or showing they 
are birationally equivalent to other moduli spaces. 

1.1. Overview of results. In this paper, we systematically develop the ideas orig- 
inally found in Bridgeland's |Bril) and Bridgeland-Maciocia's [BriM] papers on 
elliptic surfaces and elliptic threefolds. Given an elliptic surface or elliptic three- 
fold X, the idea is to use three different torsion pairs (Tx,^x), (Wo,x> W\ t x) an d 
(Bx,B x ) (see Section HOI for their definitions) to break up the category Coh(X) 
into various subcategories, and understand how each category changes under the 
Fourier-Mukai transform from X; this is done in Section HOI Our first key technical 
result is Theorem 12.181 which roughly says, that given a WITi torsion-free sheaf F 
on X that restricts to a stable sheaf on the generic fibre, it is taken to a torsion-free 
sheaf if and only if it satisfies the vanishing condition 

E x t 1 D{x) {B x nW o , x ,F) = 0. 

Applying this criterion on elliptic threefolds, we construct an open immersion from 
a moduli stack of polynomial stable complexes A to a moduli stack of stable sheaves 
on X in Theorem 13.11 Since the moduli of stable sheaves admits a tame moduli 
space in the sense of Alper |Alp| , we obtain an example of a moduli of complexes 
that also admits a tame moduli space. 

We also point out in Remark 12.191 that, when X is an elliptic surface, the bira- 
tional equivalence from a moduli of sheaves on X to Pic°(A) xHilb*(X) constructed 
in |Bril| Theorem 1.1] restricts to an isomorphism precisely at the locus defined by 
the vanishing condition above. Besides, all the sheaves parametrised by this locus 
are locally free. 

By considering a category slightly larger than the image of the open immersion 
in Theorem 13 . 1 1 we obtain an equivalence of categories on elliptic threefolds in 
Theorem 14. 11 between a category Cx of 2-term complexes on X and a category of 
torsion- free sheaves C x on A. This equivalence not only extends the aforementioned 
open immersion, but also extends the isomorphism between a moduli of rank-one 
torsion-free sheaves and a moduli of stable torsion-free sheaves in |BriM| Theorem 
1.4]. 

Finally, in Section [51 we consider torsion-free sheaves on X that are taken to 
sheaves supported in codimension-1 on X. On elliptic surfaces that are Weierstrass, 
we obtain an equivalence of categories between fiberwise locally free sheaves of 
degree on A and pure 1-dimensional sheaves flat over the base (Proposition 15. 7[) . 
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As a special case, we have a 1-1 correspondence between line bundles of fibre degree 
on a Weierstrass surface X — > S, and line bundles supported on sections of the 
dual hbration X —> S (Corollary 15. 9p . These results resemble some of the results 
obtained using Friedman-Morgan-Witten's spectral construction, such as in |RP) . 
but do not make use of Fitting ideals. It would be interesting to understand the 
precise connections between our results in Section [5] and those obtained using the 
spectral construction. 

1.2. Notation. For any noetherian scheme X, we let Coh(X) denote the category 
of coherent sheaves on X, and D(X) denote the bounded derived category of coher- 
ent sheaves on X. For any E G D(X), we write H l (E) to denote the cohomology 
of E at degree i. If the dimension of X is n and < d < n is an integer, we write 
Coh<d(A) to denote the subcategory of Coh(A) consisting of sheaves supported in 
dimension at most d, and write Coh>d(X) to denote the subcategory of Coh(X) 
consisting of sheaves without subsheaves in Coh<d_i. 

If (T, T) is a torsion pair in Coh(X), we write (T, .F[l]) to denote the extension- 
closed subcategory of D(X) generated by T and J-[l]. That is, elements E in 
(T, are exactly the complexes in D(X) such that H°(E) e T,H- 1 (E) e T 
and H l (E) = for any i ^ -1, 0. 

Given varieties X and Y, a functor D(X) D(Y) of the form 

*(-) :=RTr Y *(P®ir* x (-)) 

for some P G D(X x Y) is called an integral functor. Here, ttx,tty denote the 
projections from X x Y onto X, Y, respectively. We will use the term 'Fourier- 
Mukai transform' only for integral functors that induce equivalences of categories. 

Acknowledgments: The author would like to thank Zhenbo Qin for many 
enlightening discussions, and assistance with a key step in this project. He would 
also like to thank Arend Bayer, Emanuel Diaconescu, Jun Li and Ziyu Zhang for 
helpful discussions, and Andrei Caldararu for answering his questions on elliptic 
threefolds. 

2. Complexes and Fourier-Mukai transforms 

The goal of this section is to find sufficient conditions for stable 2-term com- 
plexes to be mapped to stable torsion-free sheaves by the Fourier-Mukai transform 
constructed in |BriM| . 

Given a Fourier-Mukai transform ^ : D(X) — > D(Y) between two derived cat- 
egories, recall that a complex E £ D(X) is called ^-WIT^ if ^(E) is isomorphic 
to an object in Coh(F)[— i], i.e. the cohomology of ^(i?) vanishes at every degree 
j that is not equal to i. If E is a sheaf on X, we consider E as a complex con- 
centrated in degree 0, and speak of E being vp-WITj in the above sense. For a 
^-WITi complex E e D(X), we write E to denote the sheaf on Y, unique up to 
isomorphism, such that ^(E) = E[—i], and call E the transform of E. 

2.1. Outline of strategy. Suppose 7r : X — > S and tt : Y — > S are two elliptic 
threefolds over a surface S, and \p : D(X) — > D(Y) is a relative Fourier-Mukai 
transform over S in [BriM . Before we explain our strategy for mapping stable 
2-term complexes on X to stable sheaves on 7, we review Bridgeland-Maciocia's 
approach in [BriM] for mapping rank-one torsion-free sheaves on X to stable sheaves 
on Y: 
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Step 1. Given any rank-one torsion- free sheaf F onX, first twist F by a high enough 

power of an ample line bundle L. If n » 0, then F®L® n is *-WIT |BriM| 

Corollary 8.5]. Note that the operation F i— >■ F ® L® n does not alter the 

moduli space of rank-one torsion- free sheaves on X . 
Step 2. Show that, for any \&-WITq torsion- free sheaf F on X, the transform *f?(F) 

is also a torsion-free sheaf [BriM, Lemma 9.4]. 
Step 3. Show that, if a $-WITo torsion-free sheaf F on X restricts to a stable sheaf 

on the generic fibre of ir, then the transform F restricts to a stable sheaf 

on the generic fibre of 7r [BriMi Lemma 9.5]. 
Step 4. Show that, if a torsion- free sheaf G on Y restricts to a stable sheaf on the 

generic fibre of 7r, then G is stable with respect to a suitable polarisation 

on Y [BriMi Lemma 2.1]. 

Since any rank-one torsion-free sheaf on X restricts to a stable sheaf on the generic 
fibre of 7r, and \& preserves families of 'I'- WIT, sheaves, Steps 1 through 4 above 
imply that the any connected component M of the moduli of rank-one torsion-free 
sheaves on X can be embedded into a connected component M. of the moduli of 
stable sheaves on Y; if J\f is complete, then it is mapped isomorphically onto M 
[BriM| Theorem 1.4]. 

Let X, Y and \& be as above. Consider 2-term complexes E G D(X) concentrated 
in degrees and —1 of the following form: 

• H^ 1 (E) is a torsion-free sheaf; 

• H°(E) is a sheaf supported in dimension 0. 

We consider these complexes partly because moduli spaces of complexes of this 
form on threefolds have been constructed in [Lo2[ ILo3j . For the Fourier-Mukai 
transform "f, 0-dimensional sheaves on X are always ^-WITo. Since the image 
of any coherent sheaf on X under 'I' is a complex with nonzero cohomology only 
perhaps at degrees and 1, from the canonical exact triangle 

H-^E^l] -^E^> H°{E) H- x (E)[2l 

we see that the transform *£(E) of E is isomorphic to a sheaf if and only if H^ 1 (E) 
is Vt-WITi. When this is the case, E is ^-WITo and the exact triangle above is 
taken to the short exact sequence of coherent sheaves 

-> H-HE) -> E -> H°(E) -> 0. 

Once we know that E is \P-WLTo, if we want the transform E to be a stable sheaf, 
we must ensure that it is torsion-free to begin with. In particular, this requires the 
transform H~ 1 (E) to be a torsion- free sheaf. We therefore need to find a criterion 
that ensures the transform of a WITi torsion-free sheaf is again torsion-free. This is 
where the case of complexes has to depart from the case of sheaves (Step 2 above). 
Finding such a criterion will be the main goal of Section 12.41 

2.2. Elliptic curves. Many properties of Fourier-Mukai transforms on elliptic fi- 
brations are similar to properties of Fourier-Mukai transforms on elliptic curves, 
which are well-understood - see [BBR1 Section 3.5.1], for instance. 

Suppose X is an elliptic curve, X = Pic°(X) is the dual variety, and V is 
the Poincare line bundle on X x X. Let \p denote the Fourier-Mukai transform 
D b (X) ->■ D b (X) with kernel V. For any /3 e tt, we can define the following full 
subcategories of Coh(X): 
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• 73s: (/3) is the category of coherent sheaves E where all the Harder-Narasimhan 
(HN) factors are either torsion, or have slopes fi> j3. 

• Fx{0) is the category of coherent sheaves E where all the HN factors are 
torsion-free, and have slopes fi < /3. 

Then (7x(/3), Tx(f3)) is a torsion pair in Coh(A). Let Ax((3) denote the heart 
obtained by tilting Coh(A) with respect to this torsion pair. That is, Ax{P) — 
(J r x(/3)[1], Tx (/?))• We have the following lemma, which seems well-known (see 
|Bay| , for instance) , but whose proof we include here for ease of reference: 

Lemma 2.1. The Fourier-Mukai transform ^ : D b (X) — > D b (X) induces an equiv- 
alence of Abelian categories Ax(0) — > Coh(A). 

Proof. Take an object E £ A x (0)- Let F := H~ 1 {E) and G := H°(E), and let 

(2.1) o^FoCFiC.-.cf = #-!(£;), 

(2.2) O/dC-CG^lf^) 

be their respective HN nitrations. 

The functor ^ takes the exact triangle H~ 1 (E)[1] — > E — > H°(E) to the exact 
triangle 

^(H-^E))^] -> *(J5) -> V(H°(E)) 

in D b (X). By [BBRl Corollary 3.29], if deg(F ) = 0, then F a is *-WITi and F a 
is a 0-dimensional sheaf. And for any Fj/Fj-i with negative slope, it is ^-WITi 
with semistable transform. And if > /i(Fj/F,j_i) > /i(Fj+i/Fi) for some i, then 

by [BBRl Corollary 3.26], we have fi(F\/F~li) > /i(F^i/F) > 0. That is, * takes 
the filtration 

0^-Fo[l]Cf 1 [l]C...CF i [l] 
in A x (0) to the HN filtration 

(2.3) ^ F £ A C ■ ■ • C F; 

in Coh(A) where ^(Fj) > for all i. Similarly, ^ takes the Harder-Narasimhan 
filtration (JOJ) of iJ°(F) to the HN filtration 

(2.4) ± G x C G 2 C • • • C G m 

in Coh(A) where fJ,(Gi) < for all i. Hence ^(E) £ Coh(A), and the concatenation 
of (|2.3[) and (12.41) gives the HN filtration of the coherent sheaf ty(E). In particular, 
* takes A x (0) into Coh(A). 

It is easy to see that the quasi-inverse "J -1 of "J takes Coh(A) into „4x(0)[— 1]. 
Hence ^> induces an equivalence Ax(0) — > Coh(A) as claimed. □ 

Note that, the proof above shows that the functor \1/ preserves the ordering of 
the HN factors, which is a little more than we need. 

2.3. More notation and preliminaries. By an elliptic fibration, we mean a flat 
morphism of smooth projective varieties n : X — > S where the generic fibre is a 
smooth elliptic curve, such that Kx ■ G = for any curve G contained in a fibre of 
7r. (In [BriMl Definition 1.1], 7r is not necessarily assumed to be flat or projective.) 
When A is a threefold and S is a surface, we refer to A or it as an elliptic threefold; 
when A is a surface and S a curve, we refer to A or n as an elliptic surface. 
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In the rest of Section l2~3l we give a brief summary of the results on elliptic fibra- 
tions due to Bridgeland |Brilj and Bridgeland-Maciocia BriM . To be consistent 
with the notation in |BriM] . given an elliptic fibration tt : X — > S, we write / to 
denote the Chern character of the structure sheaf of a smooth fibre of n, i.e. the 
'fibre class' of tt. Then for any object E £ D(X), we define the fibre degree of E 
to be 

d(E)= Cl (E)-f, 

which is the degree of the restriction of E to the generic fibre of tt. For the rest of 
this article, for any coherent sheaf E, we write r(E) to denote its rank, and when 
r(E) > 0, we define 

t i(E) = d(E)/r(E), 

which is the slope of the restriction of E to the generic fibre. Let Ax/5 denote the 
greatest common divisor of the fibre degrees of all objects in D(X). 

From [Brill Theorem 5.3] and (BriMl Theorem 9.1], we know that given an 
elliptic threefold (resp. elliptic surface) tt : X —> S and any element 

where a > and X x /s\d, there is another elliptic threefold (resp. elliptic surface) 
tt : Y —> S that is a relative moduli of sheaves on X. That is, given any point 
s £ S, the fibre Y s is the moduli of stable sheaves of rank a and degree b on X s 
(e.g. see [BrTT| Section 4], jBriM| Section 2.1] or |BBR[ Section 6.3]). 

If tt : X — > S is an elliptic threefold or surface, and Y is as above, then the 
pushforward of the universal sheaf V on XxsY to XxY acts as the kernel of 
a Fourier-Mukai transform $ : D(Y) D(X). If we let Q = T v ® TT* x u x \n - 1], 
where n is the dimension of X and Y, then Q is the kernel of another Fourier-Mukai 
transform $ : D(X) D(Y), and $ is the inverse to the functor ^[1]. That is, we 
have isomorphisms of functors 

$ o $ idy[-l], $o^^idx[-l]- 

For any complex E £ D(X), we write *S> l (E) to denote the cohomology H l (^(E)); 
if E is a sheaf sitting at degree 0, we have that ^> l (E) = unless < i < 1, i.e. 
£ D [ °^ X) (X). The same statements hold for $ and Y. 
We also have the following formulas for how rank and fibre degree change under 
the Fourier-Mukai transforms \& and <&: 
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We define the following full subcategories of Coh(X), all of which are extension- 
closed: 

Tx = {torsion sheaves on X} 
Fx = {torsion- free sheaves on X} 
W ,x = {*-WIT sheaves on X} 
Wi.x = {*-WITi sheaves on X} 
B x = {Ee Coh(X) : r(E) = d{E) = 0} 
Coh(X) r>0 = {Ee Coh(X) : r{E) > 0}. 
And for any s £ K, we define 

Coh(X) M>s = {E£ Coh(X) r>0 : p(E) > s} 
Coh(X)^ =s = {E£ Coh(X) r>0 : n(E) = s} 
Coh(A% <s = {E£ Coh(X) r>0 : fi(E) < s}. 

We define the corresponding full subcategories of Coh(Y") similarly. 

2.4. Torsion pairs and equivalences. The main goal of this section is to identify 
a criterion under which a torsion-free \P-WITi sheaf has torsion-free transform, 
which is Theorem 12.181 In Theorem 12.201 we give a class of sheaves that satisfies 
this criterion. 

Unless otherwise stated, every result in this section holds regardless of whether 
7r : X — > S is an elliptic surface or an elliptic threefold. 

Note that, for any torsion sheaf T on X, Ci(T)/ > 0, i.e. d(T) > 0. We have: 

Lemma 2.2. A sheaf E on X is in Bx iff the restriction E\ v -xr s -\ = for a generic 
fibre 7r _1 (s) of n. 

Proof. The 'if direction is clear. For the 'only if direction, suppose E £ Ex- 
igence r(E) = 0. If dim(7T*-E') = dimS", then d(E) would be positive, and so we 
must have dim(7r*i?) < dimS 1 . That is, E\^-ir s -\ = for a generic fibre 7T (s) of 
n. □ 

Remark 2.3. When ir is an elliptic surface, a sheaf E is in Bx iff it is supported 
on a finite union of fibres of ir |Bril| Section 4.1]. When ir is an elliptic threefold, 
however, the same statement does not hold, because a sheaf E in Bx could be 
supported in dimension 2, but with 7r(supp(-E)) being 1-dimcnsional. 

Given a sheaf £onl, we will say E is a fibre sheaf if it is supported on a finite 
number of fibres of ir. 

From Lemma T2.21 it follows that Bx is closed under subobjects, quotients and 
extensions in the abelian category Coh(X), and so is a Serre subcategory of Coh(X). 

Lemma 2.4. If we define 

B° x := {E £ Coh(X) : Rom(B x ,E) = 0}, 

then (Bx,B° x ) is a torsion pair in Coh(X). 



Proof. Since Coh(A^) is a Noetherian abelian category, this follows directly from 
[Poll Lemma 1.1.3]. □ 
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Note that (Wo,x,Wi t x) is a torsion pair in Coh(X); this follows from |Bril[ 
Lemma 6.1] when tt is an elliptic surface, and |BriM| Lemma 9.2] when it is an 
elliptic threefold. In addition, we also have the torsion pair (Tx,3~x) and (Bx,B x ) 
(Lemma COO). We have B x C Tx and T x C B° x . Also, if E is a WIT sheaf on X, 
then E e B x iff £ € By. 

Motivated by the proof of Lemma 12. 1( we try to understand the image of the 
category Coh(X) under W by considering the intersections of the various torsion 
classes and torsion-free classes above, and understanding their images under \P. By 
symmetry, all the results stated for X in this section have their counterparts for Y, 
if we interchange the roles of X and Y (and \&, $). 

Lemma 2.5. [Bril, Lemma 6.2] Let E be a sheaf of positive rank on X. If E is 
V-WITo, then ^{E) > b/a. If E is ^-WIT U then n(E) < b/a. 

Proof. The surface case is already stated in [Brill Lemma 6.2]. For elliptic three- 
folds, the proof goes through without change. □ 

Lemma 2.6. If T is a W-WITi torsion sheaf on X, then T e Bx- 

Proof. The surface case is Bril, Lemma 6.3]. The following argument works for 
both surfaces and threefolds: we have > r(WT) = —b ■ r(T) + a ■ d(T). Since 
r{T) = and d(T) > 0, we have d(T) = 0. Hence T e B x by definition. □ 

Remark 2.7. Given any E € D b (X), we have r(fE) = -b ■ r(E) + a ■ d(E). So 
when E has positive rank, fi(E) = b/a is equivalent to r(^>E) = 0. In other words, 
if E is a 'J- WIT sheaf on X of positive rank with fi(E) = b/a, then E is a torsion 
sheaf on Y . 

The following lemma is slightly more specific than Lemma 12.51 

Lemma 2.8. Suppose E is a^-WIT sheaf on X andr(E) > 0. Then fi{E) > b/a. 

Proof. Suppose E satisfies the assumptions, and n(E) = b/a. Then by the remark 
above, E is a $-WITi torsion sheaf, and hence lies in By by Lemma 12.61 This 
implies E itself is in B X) contradicting r{E) > 0. Then, by Lemma \2. 51 we must 
have fi(E) > b/a. □ 

Lemma 2.9. Suppose T £ Bx- Then *S>°(T), \I/ 1 (T) are both torsion sheaves. 

Proof. Suppose T £ Bx- Then r(#T) = = d(*T). Hence *°(T) and * X (T) have 
the same rank and fibre degree. Suppose ^>°(T) has positive rank. Then 5 ,1 (r) also 
has positive rank, and /i(*°(T)) = /i(* x (T)). Since *°(T) is $-WITi and * X (T) 
is $-WIT , by Lemma El we have ^°{T)) = fi^ 1 (T)) = b/a. However, this 
means 4' 1 (T) is $-WITo, with positive rank and /x(5' 1 (T)) = b/a, contradicting 
Lemma [2781 Hence *°(T), ^/ 1 (T) must both be torsion sheaves. □ 

The next lemma is a mild generalisation of BriM, Lemma 9.4], which says that 
torsion-free WITo sheaves have torsion-free transforms: 

Lemma 2.10. Let E be a nonzero ^-WITq sheaf of any rank on X such that 
E 6 B° x . Then E is a nonzero torsion-free sheaf. 

Proof. Suppose E is a nonzero sheaf with the stated properties, and that E is not 
torsion-free. Then there is a short exact sequence 

-^T -> E -4 Q ^0 
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where T ^ is the maximal torsion subsheaf of E. Since E is $-WITi, the 
subsheaf T is also $-WITi. Then T £ By by Lemma EH From the above short 
exact sequence, we obtain the exact sequence in Coh(X) 

$°(Q) -^f^E^ $ X (Q) -> 0. 

Since f e Bx and E e B° x , the map T -> E is the zero map, and so $°(Q) = T. 
However, is *-WITi while f is *-WIT , so they are both zero, i.e. T is 

zero, which is a contradiction. □ 

Lemma 2.11. We have an equivalence of categories 

(2.7) J x n{£e Cohpf) : Ext 1 ^ n W 0: x,E) = 0} n Wi, x ^ #y n VK ,y. 

We single out two key steps in the proof of the above lemma: 

Lemma 2.12. Let F be a $-WITq sheaf on Y. Then F is a torsion-free sheaf on 
X if and only i/Hom(By PI W , Y , F) = 0. 

Proof. Consider the short exact sequence O-jA^F-jB^Oin Coh(X), 
where A is the maximal torsion subsheaf of F. Since F is VP-WITi, so is A, and so 
A e B x r\Wi tX by Lemma [2~B1 On the other hand, we have B.om(B x D Wx >x , F) = 
Hom(S y nWo,y,F). 

Therefore, if Hom(£>y H Wo,y, F) = 0, then A must be zero, i.e. F is torsion- free. 
Conversely, if F is torsion-free, then because every sheaf in Bx H is torsion, 

wehaveHom^xnWi^F) = 0, and so Hom(fiy n W ,y, F) = 0. Thus the lemma 
holds. □ 

Lemma 2.13. Let F be a <$>-WIT sheaf on Y. Then 

Hom(S r n Wi, Y ,F) Ext 1 ^ n W ,x,F). 
Proof. This follows from <I> being an equivalence. □ 

Proof of Lemma UUll Take any nonzero F E B Y (~) W . Y - Then Hom(fiy,F) = 0, 
and so by Lemma r2.121 we know F is torsion- free, i.e. F € Fx- On the other hand, 
Lemma [2.131 implies that Ext (Bx H W^o.XjF) = 0. Hence F lies in the left-hand 
side of (I2~7| . 

For the other direction, take any nonzero sheaf E belonging to the left-hand side 
of (22). By Lemmas |2~T21 and |2~T31 we get that 

Hom(£y n W 0< y,E) = = Hom(£y n Wi, Y ,E). 

Since (By PI Wo,y,Sy n Wi,y) is a torsion pair in By (see Lemma Q, we get 
Hom(£>y,F) = 0, i.e. E G B Y - This completes the proof of the lemma. □ 

The following lemma for elliptic surfaces generalises to elliptic threefolds with 
the same proof: 

Lemma 2.14. [Brill Lemma 6.4] Let E be a torsion-free sheaf on X such that the 
restriction of E to a general fibre of n is stable. Suppose fi(E) < b/a. Then E is 
V-WIT V 
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Lemma [2. 141 means that, if E is a torsion-free sheaf on X such that its restriction 
to the generic fibre of it is stable, then E(m) is >F-WLTi for m«0. Lemma \2. 2 31 
shows, however, that the Vf-WITi torsion-free sheaves we obtain this way do not 
always have torsion-free transforms. This is in contrast with the case of ^-WITo 
torsion-free sheaves, which always have torsion-free transforms whether n is an 
elliptic surface or an elliptic threefold (see |Bril[ Lemma 7.2] and [BriM| Lemma 
9.4]). 

Lemma 2.15. The functor ^[1] restricts to an equivalence of categories 
(2.8) 

Wi, x n Coh(x) r>0 n Coh(x) A1<b/a *^ Wo,y n Coh(r) r>0 n Coh(r) M> _ c/a . 

Proof. Take any nonzero E in the left-hand side of (|2.8[) . By (12.61) . 

(2.9) r(E) = -r($E) = b-r(E)-a-d(E), 

which is positive since /j,(E) < b/a. Since r(E) > 0, from (|2 .5|) we have 

r(E) = r($E) = c ■ r(E) + a ■ d(E); 

since r(E) is positive, we obtain fi(E) > —c/a. This shows that E lies in the 
category on the right-hand side of (|2.8p . The proof of the other direction is similar. 

□ 

Lemma 2.16. The functor ^ [1] restricts to an equivalence of categories 

(2.10) w hX n Coh(x) r>0 n Coh(X) M=6/a *f> ] w Q .y n (T Y \ B Y ). 

Proof. Take any nonzero E belonging to the left-hand side of (|2.10|) . From (|2.9p 
and n{E) ~ b/a, we get r{E) = 0, i.e. E is a torsion sheaf. That E is not in Bx 
implies E is not in By- Hence E lies in the category on the right-hand side of 

For the other direction, take any nonzero E from the right-hand side of (|2.10[) . 
From (|2.6[) . we have 

(2.11) = r(E) = -r(VE) = b ■ r(E) - a ■ d(E). 

Note that E cannot be a torsion sheaf, for if it were, it would be a 'F-WITi torsion 
sheaf, and hence lies in Bx by Lemma 12.61 Then E itself would be in By, a 
contradiction. Hence r(E) > 0, and (|2.1ip gives fi(E) = b/a. □ 

We have observed that a ^P-WITi torsion sheaf on X lies in Bx (Lemma 12. 6p . 
and so its transform is necessarily in By. This, together with Lemmas 12.151 and 
12.161 gives a complete description of the transforms of all coherent sheaves in W\ y x 
under 

Remark 2.17. Suppose F is a coherent sheaf on X satisfying: 

(G) F is torsion-free, "F-WITi and F restricts to a torsion-free sheaf on the 
generic fibre of 7r; 

then r(F) must be positive, and any torsion subsheaf of F must restrict to zero 
on the generic fibre, i.e. any torsion subsheaf of F lies in By. Examples of sheaves 
satisfying property (G) above include torsion-free sheaves F on X with fJ.(F) < b/a 
such that F restricts to a stable sheaf on the generic fibre of tt: for such a sheaf F, 
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it is *-WITi by Lemma [2TT41 By |BriM[ Lemma 9.5] and Lemma l2~T6l we deduce 
that F must restrict to a stable torsion-free sheaf on the generic fibre of it. 

Combining Lemmas 12.111 and Remark 12.171 we obtain a criterion under which 
certain \P-WITi torsion-free sheaves have torsion-free transforms: 

Theorem 2.18. Suppose F is a coherent sheaf on X satisfying property ( G). Then 
F is a torsion-free sheaf if and only if 

(2.12) Ext x (Bx n W ,x,F) = 0. 

Remark 2.19. On an elliptic surface X, for a Chern character (cho, ch\, c/ia) 
; r. S, n) where r > (i.e. rank) and Sf (i.e. fibre degree) are coprime, there is 
a polarisation with respect to which a torsion-free sheaf F with Chern character 
(r, 5, n) on X is //-stable if and only if its restriction to the generic fibre of tt is 
stable [Bril| Proposition 7.1]. With respect to such a polarisation, let M. denote 
the moduli space of stable torsion- free sheaves of Chern character (r, S, n) on X. 
Suppose d := Sf and c := r in (|2.5[) . Suppose, in addition, that X is a relatively 
minimal elliptic surface and a, b are the unique integers satisfying br — ad = 1 and 
< a < r. We can consider the open subscheme 

U := {F 6 M. : F is torsion- free} 

of Ai. By our choice of the polarisation on X and our assumption on a,b,r,d, 
we have d/r < b/a; therefore, by [Brill Lemma 6.4], every sheaf F in U is \&- 
WITi. And in [Brill Section 7.2], Bridgeland describes an open subscheme V of 
Pic°(y) x Hilb'(F) such that \I/[1] takes U isomorphically onto V. This gives a 
birational equivalence between M and Pic°(T) x Hilb (Y), which is the statement 
of [Brill Theorem 1.1]. Theorem 12.181 now allows us to describe U more directly, 
as the locus of all F G M. satisfying the vanishing condition 

Ext x (Bx n W ,x,F) = 0. 

Moreover, by Lemma T5.31 every F £ U is a locally free sheaf. 

The following theorem gives a whole class of sheaves for which the vanishing 
condition (f2~T2|) in Theorem l2~T8l holds: 

Theorem 2.20. Suppose ir : X — > S is an elliptic threefold where all the fibres are 
Cohen- Macaulay curves with trivial dualising sheaves. If F is a ty-WIT\ reflexive 
sheaf on X , then F satisfies 

Ext 1 (fix n W ,x,F) = 0. 

Remark 2.21. The reader would notice that, in the proof of Theorem 12.201 below, 
instead of assuming that F is reflexive (besides being ^-WITi), it suffices to assume 
F satisfies the following two properties: 

(i) The existence of a surjection (|2.14[) . 

(ii) F is locally free outside a codimension-3 locus on X. 
Let us also denote 

(i') F has homological dimension at most 1. 

Then properties (i') and (ii) together imply property (i); this can be deduced from 
the spectral sequence 

(2.13) E v 2 q = H p (X,£xt q (G ll G 2 )) ^ Ext p+9 (Gi, G 2 ) 
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for coherent sheaves Gi,G2 on X. Also, for a torsion- free sheaf F on a smooth 
projective threefold X, conditions (i') and (ii) together turn out to be equivalent to 
F being reflexive. To see this, suppose F satisfies conditions (i') and (ii). Since F is 
torsion-free, its codimension is 0. Since F is assumed to have homological dimension 
at most 1, we have S'xt l (F,ujx) — for i ^ 0,1. Moreover, the codimension of 
Sxt 1 {F, ujx) is exactly 3. Hence F satisfies condition S^o in the sense of Huybrechts 
|HL[ Proposition 1.1.6]. Finally, by [HL[ Proposition 1.1.10], condition 62,0 is 
equivalent to rcflcxivity. That the rcflcxivity of F implies properties (i') and (ii) 
on a smooth projective threefold is well-known. 

Note that, any elliptic threefold that is generic in the sense of Caldararu has the 
property that all fibres are Cohen-Macaulay curves with trivial dualising sheaves 
(see the proof of |Call[ Proposition 2.1] and Cal3 ). Since Gorenstein varieties are 
exactly Cohen-Macaulay varieties whose dualising sheaves are line bundles, all such 
fibres are Gorenstein curves. 

Proof of Theorem \2.2(A We divide the proof into five steps. 

Step 1. We need to show that Ext 1 (A, F) vanishes for any A S Bx D Wo,x- By 
Serre duality, we have Ext 1 (.A, F) = Ext 2 (i 7 ', A ® lux)- Since F is a reflexive sheaf 
on a threefold, we have a surjection (see [Verl Proposition 5], for instance): 

(2.14) H 2 (X,£xt {F,A®wx)) -» Ext 2 (F, A ® w x ). 

Therefore, it suffices to show that H 2 (X, Sxt°(F, A®w x )), i.e. H 2 (X, .3fom(F, A® 
ujx)) vanishes. 

If the dimension of A is at most 1, then J^om(F, A®uox) also has dimension at 
most 1, and H 2 (X, J^om(F, A ® wx)) vanishes. From now on, we assume that A 
is supported in dimension 2. 

Step 2. We claim that it suffices to show the vanishing of Ext 1 (A,F) for any 
A E Bx n Wo y x where the support of tt*A is a reduced scheme: observe that 
Ext^^F) = is equivalent to Hom(A, F) = 0, where A G By H Wx t y. Suppose 
supp(A) is not reduced. Then there is some ideal sheaf J* of Gy such that, if we 
write D' m to denote the closed subscheme of Y defined by the ideal sheaf J^ m , then 
D[ is reduced, and supp(A) is contained in D' n for some positive integer n. Now 
we perform induction on n. 

Note that A fits in a short exact sequence of coherent sheaves on Y 

^ k A^ A\ D[ -> 

where ^4|dj also lies in By, while K lies in By n Wi t y an d is supported on D' n _ 1 . 
By induction, Ext 1 (v4, F) = will follow from the following two things: 

(i) Hom(i| D; ,F) = 0, and 

(ii) Hom( J 4,F) = when n = 1 (the induction hypothesis). 

Note further that A\u' itself fit in a short exact sequence of coherent sheaves 

-> A ^^li^O 

where Ai € By n Wi,y for i = 0,1, and both A .Ai are supported on D[. Since 
A is a torsion sheaf, we have Hom(A , F) = Hom(A ,F) = 0. Hence (i) will 
follow from (ii), the induction hypothesis. In other words, we can assume that A 



STABILITY AND FOURIER-MUKAI TRANSFORMS ON ELLIPTIC FIBRATIONS 13 



is supported on a reduced scheme. Write D' :— supp(A). Then the morphism 
D' — > C := supp(7r*A) induced by tt : Y —> S factors through the closed immersion 
C re d "-I C. Hence the support of A itself is contained in the closed subscheme 
X xg C re d of X. And so, overall, to complete the proof of this theorem, we can 
assume that A is supported on a 2-dimensional subscheme D of X (but the support 
of A may not exactly be D) that fits in a fibre square 

£X ^X 

7T 7T 

C c 

where we can assume that C is a 1-dimensional reduced scheme, and we also write 
tt to denote the pullback morphism D — ¥ C by abuse of notation. 

Step 3. To being with, note that tt : D — > C is both projective and flat (since 
tt : X — > S is so). Now, we have 

H 2 (X,,¥eom{F,A®u x j) = H 2 (D,A) 

where A is some coherent sheaf on D such that l*A = J^om(F, A ® cox)- 
The Leray spectral sequence applied to 7r : D — > C gives us 

Since all the fibres of tt are 1-dimensional, R q TT*(A) = for all q ^ 0, 1 by |Harl[ 
Corollary III 11.2]. On the other hand, since C is 1-dimensional, E\' q vanishes 
for p ^ 0,1. Hence H 1 (C , R 1 tt *{A)) = H 2 {D,A), and it suffices for us to show 
that i? 1 (C, R 1 tt 1 ,(A)) vanishes. Furthermore, it suffices to show that R 1 tt*(A) is 
supported at a finite number of points. That is, it suffices to show: 

(2.15) for a general closed point s S C, we have R 1 tt^(A) ® fc(s) = 0. 

Since C is reduced, we can apply generic flatness [SPA, Proposition 052B], and see 
that A is flat over an open dense subscheme of C . Now, let s € C be a general 
closed point, g be the fibre tt~ 1 (s), and ^4| s be the (underived) restriction of A to 
the fibre g over s. By cohomology and base change [Harll Theorem III 12.11], we 
have 

R 1 TT^{A)®k{s) £ ff 1 ^,^,). 
The theorem would be proved if we can show that H 1 (g, A\ s ) = 0. 

Step 4. By our assumptions, the fibre g :— tt^ 1 (s) is a projective Cohen-Macaulay 
curve with trivial dualising sheaf. Therefore, 

(2.16) H'ig,^) = Extl(0 g ,A\ s ) = Kom g (A\ s ^ g ) 
where the second isomorphism follows from Serre duality. 
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Now, write D := C x s Y . Then we have a commutative diagram 

d b 




where the arrow C — > S is a closed immersion, and the arrows D — >• X and D — s- Y 
are its pullbacks. Let us write t to denote either the closed immersion D — > X or 
D — >• y. Then A = for some A supported on D. By the base change formula 
(see }BBR| Proposition A.85] and also }BBR| (6.3)]), we have *(t*i) = i»* c (A), 
which is a sheaf sitting at degree since A is ^-WITo. Here, &c denotes the 
induced relative Fourier-Mukai transform from the derived category of D to that 
of D over C. And so A itself is a v^c-WITo sheaf on D. Also, for a general closed 
point s 6 C, we have A|g = A| s by generic flatness, i.e. there is no need to derive 
the restriction; thus = A\ s for a general closed point s e C. 
Since n : D — > C is flat, we have the isomorphism 

(2.17) 9 a {A\i) - 

by base change [BBRl Proposition 6.1]; here, \l/ s denotes the induced Fourier-Mukai 
transform on the fibres D(X S ) — > D(Y S ). 

Putting all these together, we get, for a general closed point s G C, 

9.(A\.) °L Aft <*A\ t 

where the last isomorphism follows from generic flatness. Thus we see that, A\ s is 
^ s -WITo for a general closed point s e C. 

Step 5. Since F is reflexive, it is locally free outside a O-dimensional closed subset 
Z of X. Let V" denote the open subscheme S \ ft(Z) of S, and write V :— X x 5 V 
and y := y x s V. Then F is flat over V, and 

where we apply base change in the second isomorphism. Thus F\ v is $y-WITo. 

Now that we know F\y is $y-WIT and = F\ v is flat over V, we can 

apply [BBRl Corollary 6.2] to obtain that F\% is <J> S -WIT for all s 6 V. Since 
is generically flat over C CiV (which is an open dense subset of C), for a general 
closed point seCwe have F|j = F| s . Therefore, for a general closed point s 6 C, 
we have that F| s is $ S -WIT , and so F| s is * s -WITi. 

Overall, for a general closed point s G C, we have 

Hom fl (l| s , <^ 9 ) = Hom g (Jfom(F, A ® ui x )\ s , g ) 
= Hom 5 (A| s ,F| s ), 
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which must vanish since A\ s is \t s -WITo and F\ s is ^ s -WITi. This completes the 
proof of the theorem. □ 

Theorem 12 . 201 now gives rise to the following: 

Corollary 2.22. Suppose n : X — >■ S is an elliptic threefold where all the fibres 
are Cohen- Macaulay curves with trivial dualising sheaves. Then, for any reflexive 
sheaf F on X with (J,(F) < b/a such that its restriction to the generic fibre of it is 
stable, we have F is ty-WIT\, and F is torsion-free and stable with respect to some 
polarisation on Y . 

Proof. Take any reflexive sheaf F as described. That F is "JJ-WITi follows from 
Lemma 12.141 By Lemma 12.151 F has nonzero rank, and so by Theorem 12.181 and 
Theorem 12.201 F is torsion- free. That F is stable on Y with respect to a suitable 
polarisation follows from [BriMl Lemma 9.5] (which also works for WITi sheaves) 
and |BriM| Lemma 2.1]. □ 

Caldararu has a result that is somewhat similar: in |Cal21 Theorem 2], he shows 
that for elliptic threefolds with relative Picard number 1, the Fourier-Mukai trans- 
form \I/ takes fiberwise stable locally free sheaves with relatively prime degree and 
rank to fibrewise stable locally free sheaves. 

The following lemma gives examples of WITi torsion- free sheaves on X whose 
transforms are not torsion- free: 

Lemma 2.23. Suppose n : X —> S is either an elliptic surface or an elliptic 
threefold. If Z C X is a 0- dimensional subscheme, and Iz its ideal sheaf, then for 
any line bundle L on X with d(L) < b/a, the sheaf Iz ® L is ^f-WIT±, and its 
transform Iz ® L has a nonzero torsion subsheaf. 

Proof. In the short exact sequence 

I z O L -> L e z o, 

the line bundle L is *-WITi by Lemma [2~T4l Hence I z ® L is also >J/-WITi. Since 
&z is 0-dimensional, it is <&-WITo, and ^ takes the above short exact sequence to 
the short exact sequence 

-)■ & z -> t~z~®i> -> L-tQ, 
where &z is supported on a finite number of fibres, thereby proving the lemma. □ 

Remark 2.24. Note that, consistent with Remark 12.171 the torsion subsheaf Gz of 
Iz ® L lies in By- Also, even though the ideal sheaf Iz is locally free outside a 
codimension-3 locus, its homological dimension is exactly two (see |OSS| p. 146]), 
and so Theorem 12.201 does not apply. 

3. Application 1: moduli of stable complexes 

Let 7r : X — > S be an elliptic threefold, and tt : Y — > S the Fourier-Mukai partner 
as in Section 12.31 In Theorem 13.11 in this section, we use the results in Section 12.41 
to show that there is an open immersion from a moduli of stable complexes to a 
moduli space of Gieseker stable sheaves. This gives us a moduli stack of stable 
complexes that admits a tame moduli space in the sense of Alper. 
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3.1. An open immersion of moduli stacks. Let us set up the notation: let M." 
denote the moduli stack of cr-semistable objects of nonzero rank, where a is any 
polynomial stability of type V2 in the sense of |Lo3) (e.g. a can be PT-stability in 
[Lol[|Lo2] .) In particular, every u-semistable object E in D(X) is a 2-term complex 
such that H~ 1 (E) is torsion-free, slope semistable and H°(E) is O-dimensional. Let 
a* denote a polynomial stability of type V3 in the sense of |Lo3j (e.g. a* could be 
the dual of PT-stability above), and let M a ' cr denote the substack of objects in 
M a that are also cr*-semistable. 

For any Noetherian scheme B over the ground field k and any S-flat family of 
complexes Eb on X, define the following property for fibres E\, of Eb, b G B: 

(P) The restriction (H~ 1 (Eb))\ s of the cohomology sheaf H^ 1 (E\ ) ) to the fibre 
7r _1 (s) is a stable sheaf for a generic point s G S. 

By Proposition 13.31 below, property (P) is an open property for flat families of 
complexes on X. Therefore, we have the following open immersions of moduli 
stacks: 

where A4 a, ' T ,p denotes the stack of objects in Ai (T, ' T that also have property (P). 

Let -M^b'/a denote the substack of A4 <7 ' CT p consisting of complexes E 6 D(X) 
such that fi(H^ 1 (E)) < b/a. 

Theorem 3.1. Let it : X — > S be as in Corollary ] 2. m We have an open immersion 
of moduli stacks 

■k^': — ~ ms 

induced by the Fourier- Mukai transform "J, where A4 S denotes the moduli stack of 
Gieseker stable torsion-free sheaves on Y , with respect to some polarisation. Hence 
■^1i<b)a udmits a tame moduli space in the sense of Alper. 

Proof. Take any object E G D(X) corresponding to a point of M rTa "' P . We 
know H~ 1 (E) is a reflexive sheaf from |Lo4[ Lemma 3.2], and that H°(E) is a 
O-dimensional sheaf from [Lol| Lemma 3.3]. Having property (P) implies the re- 
striction H~ 1 (E)\ S of H^ 1 (E) to a generic fibre tt^ 1 (s) is a stable sheaf. By Corol- 
lary [221 we know H~ 1 {E) is *-WITi and H~HE) is a torsion-free sheaf. The 
Fourier-Mukai transform ^ thus takes the canonical exact triangle in D(X) 

H-\E)[l] -^E^ H°{E) -> H-\E)[2] 

to the short exact sequence of coherent sheaves on Y 

-> H-HE) -> E -> H%E) -> 0. 

Since H°(E) is supported at a finite number of points, it follows that H°(E) is 
supported on a finite number of fibres by base change |BBR1 Proposition 6.1]. Wc 
also know that the restriction of H~ 1 {E) to a generic fibre of 7r is stable by BriM, 
Lemma 9.5]. Hence the restriction of E to a generic fibre of 7r is also stable. 

Suppose E is not torsion-free; let T be its maximal torsion subsheaf. Since 
H^ 1 (E) is torsion-free, we have an injection T ^ H°(E). On the other hand, 
since H°(E) is *-WIT , H%E) is $-WIT x ; hence its subsheaf T is also $-WITi. 
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Now, the inclusion T C E gives us a nonzero element in 
Homy (T, E) = Hom x ($T, $E) 

= Homx(T[-l],S[-l]) since = id x [-l] 
= Hom x Cf,£). 

Since H°(E) is a sheaf supported on a finite number of fibres, so is T, and the 
same holds for T by base change. Therefore, T is a sheaf supported in dimension at 
most f . By the definition of cr*-stability |Lo41 Section 2], however, there can be no 
nonzero morphisms from objects in Coh<i(X) to a er*-semistable object E. Hence 
T must be zero, i.e. E is torsion-free. 

The last two paragraphs combined with |BriM( Lemma 2.1] give that E is 
torsion-free and stable with respect to a suitable polarisation I on Y. Using rel- 
ative Fourier-Mukai transforms .BBR, Section 6.1], we can define a morphism of 
stacks ■M^ t '° b ', a A4 S induced by 'J, where both M^^'u an d M s are contained 
as open substacks of the stack of relatively perfect universally gluable complexes 
constructed by Lieblich (see [Lie] and |ABL[ Appendix]). That tr-semistability, a*- 
semistability and property (P) are all open properties for complexes |Lo3[ Remark 
4.4], together with the fact that "J is an equivalence, imply that this morphism of 
stacks is an open immersion. Since A4 S itself admits a tame moduli space |Alp| 
Example 8.7], the open substack M^° b /^ also admits a tame moduli space by |Alp| 
Proposition 7.4]. □ 

Note that ■M^ b ',^ contains as a substack the stack M l J[^, a of locally free 
sheaves F (sitting at degree —1) for which the restriction to the generic fibre of 
7r is torsion- free and slope semistable with [i < b/a. 

Remark 3.2. We expect the inclusion 

M J<b/a C M »<b/a 

to be strict in general. For example, take any reflexive (or even locally free) sheaf 
F on X such that its restriction to the generic fibre of ir is stable with /.i < b/a. 
Then for any short exact sequence of sheaves on X of the form 

where G is supported on a hypersurface whose image under ir is 1-dimensional, F' 
is still reflexive, but is not necessarily locally free [Har2[ Corollary 1.5]. If F' is 
reflexive and non-locally free with relatively prime degree and rank, then we can 
produce an object E in M. a a " with H^ 1 (E) = F' with nonzero H°(E) (so E is 
not isomorphic to a sheaf) by |Lo4[ Section 4.2]. Then, the restriction of F' to the 
generic fibre of 7r is again stable with fi < b/a. That is, E is an object in ■M a ^ b 'u 

but not M l ^ b/a . Besides, from [FMW1 Section 6] and [CDFMR1 Section 3.3], we 
know that non-reflexive locally free sheaves occur naturally in the construction of 
stable sheaves on elliptic threefolds. 

3.2. Openness of property (P). 

Proposition 3.3. Let it : X — > S be an elliptic threefold. The property (P) is an 
open property for a fiat family of complexes in the category (Coh<i(X), Coh>3(X)[l]) . 
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Let Eb be a £?-flat family of complexes in (Coh<i(X), Coh>3(X)[l]), where B 
is some Noetherian scheme. To prove Proposition 13.31 it suffices to show that the 
locus 

(3.1) W := {b e B : E b has property (P)} 

is a Zariski open set. This is achieved by showing that W is stable under generisation 
in Lemma \3A\ and that W is a constructible set in Lemma 1331 

Lemma 3.4. The set W in (|3.1j) is stable under generisation. 

Proof. To show that W is stable under generisation, we can assume that B = 
Spec R is the spectrum of a discrete valuation ring R. Let t : Spec k B and 
j : Spec K S be the closed immersion and open immersion of the closed point 
and the generic point of B, respectively. Starting with the assumption that Li* Eb 
has property (P), we want to show that j*E B also has property (P) (since j* is an 
exact functor, there is no need to derive it). 

That Ll*Eb has property (P) means that ff -1 (Lt* Eb)\ s is stable for a generic 
point s £ S. Define the subset of S 

Ui := {seS : supp(H (Ll*Eb)) n 7r -1 (s) = 0, 

H-\Ll*E b )\ s is locally free}. 

Since H°(Ll*Eb) is supported in dimension at most 1 by hypothesis, the locus of s 
for which supp(H° (Ll* Eb)) intersects nontrivially with 7r _1 (s) is a closed subset of 
S of dimension at most 1. On the other hand, since H~ 1 (Ll* Eb) is a torsion-free 
sheaf on X, it is locally free outside a 1-dimensional closed subset of X. Hence the 
complement of U\ is a closed subset of S of dimension at most 1, i.e. U% is an open 
dense subset of S. 

Since Eb is a B-flat family of 2-term complexes, it is isomorphic to a 2-term 
complex on X x B. By the definition of U\, for any s £ Ui, the exact triangle 

H- 1 {Ll*E b )[1] -> £i*£b -> H°(Ll*E b ) -> iJ'" 1 (£i*£;s)[2] in £>(X fc ) 

restricts to the exact triangle 

fl-^Lt*^)^ [1] -> (Lt*£ B )|f -> -> fl-^Lt'SflJIf [2] in D(X S ), 

Hence for any s G C/i, we have (Lt*-Es)|f = H~ 1 (Ll*Eb)\s[1}, which is isomorphic 
to the (shifted) underived restriction i? _1 (Lt*£ , s)| s [l] since H~ 1 (Ll*Eb) is locally 
free on an open neighbourhood of 7r _1 (s). Hence 

{Ll*Eb)\^--l{u 1 ) = H~ 1 (LL*E B )\ 7r -i(u 1 )[l}, 

where i? _1 (Lt* EB)\ n -i(i/i) 1S an t/i-flat family of sheaves; in fact, it is a locally 
free sheaf on 7r _1 ([/i). 

We further define the subset of U\ 

U 2 := {s e Ui : H~ 1 (Ll*Eb)\ s is a stable sheaf}. 

Since being stable is an open property for a flat family of sheaves, by the last 
paragraph, U2 is an open subset in Ui. 

Let us make some observations regarding the fibres of Eb over U^: 
(a) For any s e U 2 , we have (H°{Ll* E b ))\ s = 0. Since H°(Ll*E b ) = l*H°(E b ) 
(this uses the fact that Eb has no cohomology higher than degree 0), we 
haveO = (l*H°(E b ))\ s = t*{H°(E B )\ s ). By semicontinuity, f(H°(E B )\ s ) = 
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0. Hence (j*H°(EB))\s vanishes, as does (j* H°(E B ))\f . From the exact 
triangle 

fH-\E B )[l] ^j*E B ^j*H°(E B ) -+j*H- x {E B )[2], 
we then obtain 

(3.2) (rE B )\^(fH-\E B )[l})\^ for any s e tf 2 . 

(b) For any s € S, we have (Ll*E b )\^ ^ Ll*(E b \%). If s e U 2 , then from 
above we have (Li*E B )\% = H- 1 (Ll*E b )\Z[1], where H^iLSE^ 
H~ 1 (Ll*Eb)\ s is a stable locally free sheaf. As a result, for any s € U2, we 
have that E B \^ is a complex on X s x B whose restriction to the central fibre 
over B is a sheaf. Hence E B \^ itself is a S-flat family of sheaves (sitting at 
degree —1) on A s x B. Then, since being stable and being locally free are 
both open properties for a flat family of sheaves, j*(E B \s) — (j*E B )\s is a 
stable locally free sheaf on X s x Spec K. Since this holds for any s£ U2, we 
obtain that (j*E B )\ n - i([/ 2 ) 1S an tVflat family of stable locally free sheaves 
sitting at degree — 1. 

Now, {H°{j*E B ))\ s = H°((j*E B )\%), which is zero when s e U 2 by (pT2]) . Hence 
(H°(j* E B ))\s — for s G U2. Therefore, when we apply the restriction functor 
— |f (with s £ U2) to the exact triangle 

H- l {j*E B )[\] -> f £ B -> H°(j*E B ) -> if- x (i*^)[2] in D(X x Spec if), 

we get 0'*Eb)|£ = (i?- 1 |f [1] - By observation (b) above, (j*E B )\% is a 

stable locally free sheaf at degree —1, for any s G U2. Hence H~ 1 (j*E B ) is a U2- 
flat family of stable locally free sheaves. In other words, j*E B also has property 
(P). This shows that W is stable under generisation. □ 

Lemma 3.5. The set W in (|3.1[) is constructible. 

Proof. We can assume that B is of finite type over the ground field k. In the proof 
of this lemma, let us use the following alternative description of W: 

(3.3) W = {be B : the locus {seS: H' 1 ^)], is stable} has dimension 2}. 

By using a flattening stratification of B for H~ 1 (E B ) and H°(E B ), we can as- 
sume that the cohomology sheaves H~ 1 (E B ), H°(E B ) are both flat over B. As a 
consequence, for any b £ B we have H^ 1 {E\ } ) = H~ 1 (Es)\b- And so 

H- l {E b )\ s * H-^EbMs = H-\E B )\ s \ b =: H-\E B )\ {aJby 

Now, let S x B — TJjT; be a flattening stratification of S x B for H^ 1 (E B ). 
Then H^ 1 (E B )\T i is flat over Tj for each i. 

Let ns^B denote the projections from S x B to S and B, respectively. Define 

W, := {b e Tr B (Ti) : 

{s € ns(Ti) : H^ 1 {E B )\x i \{s,b) is stable} has dimension at least 2}. 

It is straightforward to see that W = ]J 4 Wj. Therefore, to show that W is con- 
structible, it is enough to show that each Wi is constructible. In other words, in 
order to show that W is constructible, we can assume from now on that H~ 1 {E B ) 
is flat over the entirety of S x B. 
Consider the set 

U := {(s,b) e S x B : H^iEs^b) is stable}. 
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Since being stable is an open property for a flat family of sheaves, U is an open 
subset of S x B. Then the set 

W := {(s, b) £ U : the fibre of U over 7rs(6) has dimension at least 2} 

is a locally closed subset of S x fl by semicontinuity, hence constructible. Since 
= ttb(W), we see that W itself is also constructible. □ 

4. An equivalence of categories 

Throughout this section, let tt : X — ► S be an elliptic threefold satisfying the 
same assumptions as in Theorem 12. 201 and tt : Y — > 5 its Fourier-Mukai partner as 
in Section [2~3l 

In Theorem 13.11 we gave an open immersion 

from a moduli of stable complexes ■A4^< 6 ^' on X to a moduli of stable sheaves M. s 
on y, induced by the functor In this section, we extend this open immersion to 
an isomorphism of stacks. 

Note that, if we want to map a moduli of two-term complexes Ai (where some of 
the objects are not isomorphic to sheaves) into a moduli of sheaves via ^[1], then 
not all the sheaves in the image 4 r [l]( J M) can be WITo. We have: 

Theorem 4.1. The functor ^ induces an equivalence between the following two 
categories: 

(i) the category Cx of objects E in 

(Bxnw , x ,B x nWi lX [i}) 

satisfying 

Rom(B x nW ,x,E)=0, 

such that H~ 1 (E) has nonzero rank, ^i(H~ 1 (E)) < b/a, and H~ 1 (E) re- 
stricts to a stable sheaf on the generic fibre of it; 

(ii) the category Cy of torsion-free sheaves F onY such that n(F) > —c/a, and 
F restricts to a stable sheaf on the generic fibre of tt, and such that in the 
unique short exact sequence 

0^ F -> B ^0 

where A is $-WIT and B is <&-WIT\, we have B G By (Note that, this 
is equivalent to requiring B to be a torsion sheaf by Lemma \2.6\ ) 

Under the above equivalence of categories, we have A = H~ 1 {E) and B — H°(E). 

Note that, the category (Bx H Wo t x , B° x CI W\, x [1]} above is just the intersection 
of the hearts (Bx,B x [l]) and (Wo,x, Wi y x[^}) of two different t-structures onD(X). 
Also note that, the definitions of the categories Cx and Cy make no mention of any 
kind of stability. 

Proof. Take an object E in Cx- Then ^E = E fits in the short exact sequence in 
Coh(F) 

-> hF^HE) -> E -4- HHE) -> 
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where H~ 1 {E) is $-WIT and H°(E) is $-WITi. From the definition of C x , we 
have H°{E) G Bx H W ,x, and so H%E) G By. That £ has positive rank with 
/i > — c/a follows from Lemma 12.151 

Since H~ 1 (E)[1] is a subobject of E in the heart (Bx,B x [l\), the condition 
Hom(B x n W ,x,E) = implies Hom(B x n Wb,x,.ff _1 CE)[lD = 0, i.e. Ext 1 (5* n 
Wo,x,-ff _1 (-B)) = 0. Thus, by Theorem [HH if^E) is torsion-free. 

Now, suppose E itself is not torsion-free, and T is its maximal torsion subsheaf. 
Then T ^ H°(E), and so T G By H Wi,y- Thus f G B x n W ,X- Then = 
Hom(T,_E) = Hom(T, E), a contradiction. Hence E is torsion- free. 

Conversely, suppose F is a torsion- free sheaf in the category Cy ■ That the quasi- 
inverse $[1] of ^ takes F into (Wo,x, Wi^l]) is clear. The condition B G By (and 
knowing B is $-WITi) implies H°(®[1](F)) = B G Bx- On the other hand, that 
A is <f>-WITo and torsion-free implies that H _1 (<f>[l](F)) = A is torsion- free, by 
[BrlMl Lemma 9.4]. Hence $[1](F) G (B X ,B^[1]). Now, for any T G Bx H W ,x, 
we have Hom(T, = Hom(T,F), which vanishes because T is torsion and 

F is torsion- free. Lemma f2 . 1 5 1 then completes the proof of the theorem. □ 

Let us compare the equivalence in Theorem 14. II to: 

• the isomorphism between a connected component of the moduli of rank- 
one torsion-free sheaves on X and a connected component of the moduli 
of stable torsion-free sheaves on Y constructed by Bridgeland-Maciocia in 
BriM, Theorem 1.4], as well as 

• the open immersion of moduli stacks in Theorem 13. II 

In the case of Bridgeland and Maciocia's result, they consider a moduli AT of 
rank-one torsion- free sheaves on Y, all of which are ^-WITo (after a suitable twist). 
In terms of our notation in Theorem l4.ll the sheaves parametrised by AT are exactly 
the rank-one torsion-free sheaves F in Cy with B = 0, and they are taken by $[1] 
to objects in Cx with nonzero cohomology only at degree —1, which are torsion-free 
sheaves. 

In the case of Theorem 13. II all the objects in -M^ b ',^ lie in Cx by Lemma l4~2l 
below, and are taken to torsion-free sheaves F in Cy where B is supported on a 
finite number of fibres of n. 

Lemma 4.2. All the complexes corresponding to the closed points of M^^F in 
Theorem \3.1\ lie in the category Cx ■ 

Proof. Given any complex E G D(X) corresponding to a closed point of ■M^ b 'i a , 
we know that ^(E) lies in the category Cy in Theorem 14.11 from the proof of 
Theorem 13.11 Hence by Theorem 14. 1[ the complex E lies in the category Cx ■ □ 

Remark 4.3. Some of the sheaves in Bx HWo^ are supported in dimension 2, while 
a prion we do not know that Hom(Coh =2 (J s s:), E) = for E G M a ^ b f. Therefore, 
it is not immediately clear how Lemma 14.21 can be shown with a direct proof (i.e. 
without considering the transforms on Y). 

5. Application 2: pure codimension-1 sheaves 

In this section, we consider torsion-free sheaves on X that are taken to torsion 
sheaves supported in codimension 1 by the Fourier-Mukai transform ^ : D(X) — > 
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D(Y). When X and Y are elliptic surfaces, these torsion- free sheaves on X are all 
locally free; if we further require them to be fiberwise semistable of fibre degree 0, 
then the corresponding torsion sheaves on Y are all pure sheaves flat over the base 
S (see Proposition 15 .7p . 

Some of these results in this section resemble those obtained from the spectral 
construction of stable sheaves on elliptic fibrations (e.g. see [CDFMR, FMW, RP ), 
as well as results obtained by Yoshioka, where he assumes the existence of a section 
for the fibration (see |Yos[ Theorem 3.15]). It would be interesting to understand 
the precise connections between our approach and the spectral approach. 

Lemma 5.1. Let n : X —> S be an elliptic surface or threefold. If E is a torsion-free 
ty-WITi sheaf on X , then E has no subsheaves of dimension 0. 

Proof. Suppose E is as above, and E has a nonzero subsheaf T of dimension 0. Then 
we have a nonzero element in Homy(T, E) = Homx(T, E), which is a contradiction 
because E is torsion-free, and T is torsion. □ 

In the case of rank-one sheaves, we have a slight improvement of Lemma [2.141 
with a different proof: 

Lemma 5.2. Let tt : X — > S be either an elliptic surface or threefold. Suppose E is 
a rank-one torsion-free sheaf on X with fJi(E) = d(E) < b/a. Then E is ^l-WIT\. 

Proof. Consider the canonical exact sequence — > E — > E** — > T — > 0, where T 
has codimension at least two, and so d(T) = 0. If X is a threefold, then E** is a 
rank-one reflexive sheaf, hence locally free, while if X is a surface, then any reflexive 
sheaf is locally free; in either case, E** is locally free of rank one. Write L := E**. 
Then E = L ® Iz , where Iz is the ideal sheaf of a closed subscheme Z C X with 
codimension at least two. Also, d(E) = d(L). 

Consider the short exact sequence O^A^E^B— > where A is ^-WITo 
and B is VP- WIT i . Suppose A ^ 0. Then A has rank one, so B is a torsion sheaf. By 
Lemma [231 we have B e B X - Hence d(B) = 0, and so d(A) = d(E) = d(L) < b/a. 
Then A is a ^-WITo sheaf with positive rank and n(A) < b/a, contradicting Lemma 
12.81 This implies A must be zero, i.e. L = E** is *-WITi, and so its subsheaf E is 
also f-WITi. □ 

Note that, in the proof above, we do use the rank-one assumption on E in an 
essential way (in proving B is torsion). 

Lemma 5.3. Let tt : X —> S be an elliptic surface and E a torsion-free sheaf on 
X satisfying 

Ext 1 D{x) (B x nW ,x,E) = 0. 
Then E is a locally free sheaf. 

Proof. Consider the canonical short exact sequence 

0^ E^ E** -^T^0 

where E** is reflexive, hence locally free, and T is a 0-dimcnsional sheaf. Applying 
the functor Hom(T, — ) to this short exact sequence, we obtain the exact sequence 

= Hom(T, E**) -» Hom(T, T) -> Ext x (T, E). 

If T is nonzero, then the identity map It gives a nonzero element in Ext 1 (T, E). 
However, T g Bx H Wo,x, so Ext 1 (T, E) = by assumption. Hence T must have 
been zero to start with, i.e. E is locally free. □ 
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Corollary 5.4. Let tt : X — > S be an elliptic surface. If F is a $>-WITq sheaf on 
Y with no fibre subsheaves (i.e. F e B Y ), then F is a locally free sheaf on X . 

Proof. This follows from Lemma \5. 3 1 and Lemma [2.111 □ 

Lemma 5.5. Let tt : X —¥ S be an elliptic surface. If F is a pure 1- dimensional 
sheaf in B° Y , then F is $-WIT . 

Proof. Suppose F is not $-WITo. Then, by (Brill Lemma 6.5], there is a nonzero 
map F — > Q x for some x £ X. Then im (a) is a fibre sheaf, and it must be pure 
1-dimensional, since Q x is a stable sheaf supported on the fibre 7r _1 (7r(a;)). Having 
a surjection F^ima then implies F contains the fibre tt~ 1 (tt(x)) as a component 
of its support, which in turn implies F has a nonzero fibre subsheaf, contradicting 
F e By. Hence F must be $-WIT . □ 

Remark 5.6. If F is a 1-dimensional sheaf on Y that is flat over S, then the flatness 
implies the support of F does not contain any fibre of if. If we also assume that 
F is a pure sheaf, then F has no O-dimensional subsheaves. Therefore, every pure 
1-dimensional sheaf on Y that is flat over S lies in B Y , and is $-WITo by Lemma 
1531 

Given an elliptic fibration tt : X — > S, it is a Weierstrass fibration in the sense 
of [BBR1 Definition 6.10] if it further satisfies: 

• all the fibres of tt are geometrically integral Gorenstein curves of arithmetic 
genus 1; 

• there exists a section a : S — > X of tt such that its image a(S) does not 
contain any singular point of any fibre. 

Let us call tt : X — > S a Weierstrass threefold (resp. surface) if tt is an elliptic 
threefold (resp. surface) that is also a Weierstrass fibration. 

When tt : X — > S is a Weierstrass surface with a — 1 and 6 = 0, the Fourier- 
Mukai partner if : Y — > S is isomorphic to the Altman-Kleiman compactified 
relative Jacobian of tt [BBR] Remark 6.33]. 

Proposition 5.7. Let tt : X — > S be an elliptic surface. The functor ^[1] : D(X) — > 
D{Y) induces an equivalence of categories 

{ty-WITi torsion-free sheaves E on X satisfying fi(E) = b/a} — > 

{Q-WITq pure 1-dimensional, non-fibre sheaves F satisfying 

Hom(B y n W ,y, F) = 0}, 

which restricts to the equivalence 

{ty-WITi locally free sheaves E on X satisfying fi(E) — b/a and 

Ext 1 (fix n W ,x,E) = 0} -> 

{pure 1-dimensional sheaves F in B Y }- 

If we further assume that 7T : X — > S is a Weierstrass surface over C with a = 
1,6 = 0, then the last equivalence further restricts to the equivalence 

{locally free, fiberwise semistable sheaves E of fibre degree 0} —> 

{pure 1-dimensional sheaves F, fiat over S}. 
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Proof. The first equivalence follows immediately from Lemmas 12.121 and 12.161 

For the second equivalence, given a sheaf E on X with the prescribed properties, 
that E onY has the desired properties follows from the first equivalence and Lemma 
12.111 Conversely, if F is a pure 1-dimensional sheaf on Y that is in B Y , then it is 
<&-WIT by Lemma [5.51 By the first equivalence and Lemma [2.11[ we know that 
F is *-WITi, with fi = b/a and satisfies Ext 1 (Bx H W ,x,F) = 0. Then Lemma 
15.31 implies that F is locally free. This shows the second equivalence. 

For the last equivalence, we assume that tt : X — > S is a Weierstrass fibration and 
a = 1, b = 0. Suppose E is a fiberwise semistable locally free sheaf of fibre degree 
0. Then for any fiber l s : X s ^ X of it, the restriction E s := i*E is \lvWITi by 
[BBRl Proposition 6.51]. Then, by [BBRj Corollary 6.52], E itself is W-WITi, and 
E is flat over S. 

Now, we claim that Ext (Bx H Wo.x,E) = 0. To this end, we need to show 
Ext 1 (A, E) = for any A € Bx H Wq.x, where it suffices to assume that A is 
supported on a single fibre of tt. Take any such A, and suppose A = l s *A for some 
sheaf A on the fibre i s : X s X. Since all the fibres of tt are of dimension 1, while 
the kernel Q of the Fourier-Mukai transform if? is a sheaf [Brill Lemma 5.1], we 
have the base change 



by [BBRl Corollary 6.3]. 

Furthermore, since Q is flat over X [Bril, Lemma 5.1], the kernel of the induced 
Fourier-Mukai transform "f? s is a sheaf (i.e. Q s ). Then, because all the fibres of 
tt are 1-dimensional, we have ^(A| s ) = for i > 1. Since A is assumed to be 
f-WITo, we also have ^l(A\ s ) = from ([57T]> . Hence A\ s is ^ S -WIT . Now, 

Ext 1 (A, E) = Ext 1 ^, A <g> uj x ) by Serre duality 



Since 7r has a section, there are no multiple fibres of it, and so the formula for u>x 
(see, for instance, ISBK (6.28)]) gives us uix\x s = @x s for any s G S. On the 
other hand, over C, all the fibres of a smooth elliptic surface have trivial dualising 
complexes [RMGPj . so uj Xs = G x , ■ Then, since A is * S -WIT and E s is * s -WITi, 
the Horn space (j5.2p vanishes. Hence Ext 1 (Sx R Wo,x, -B) = 0, and by the second 
equivalence, we get that E is pure 1-dimensional. 

For the converse, suppose F is a pure 1-dimensional sheaf on Y that is flat over 
the base S. By Remark 15.61 we know F lies in B Y . Using the second equivalence 
above, the only thing left to show is that F is fiberwise semistable. Since we know 
F is ^-WITi from the second equivalence, [BBR, Proposition 6.51] implies that F 
is indeed fiberwise semistable. □ 

Lemma 5.8. Suppose tt : X — > S is an elliptic threefold or surface. Suppose F is 
a pure codimension- 1 sheaf on Y that is flat over S . Then tt restricts to a finite 
morphism tt : supp(F) —> S, and F G B Y . Furthermore, if d(F) = 1, then supp(F) 
is a section of tt : Y — > S, and F is a line bundle on supp(F). 



(5.1) 



(*\A)) s m>l(A\ s ) 



(5.2) 



H X {X, E* <E)A €5 lux) since E is locally free 
H\X.,{E a )*®A®(u x \x.)) 

Homx 3 (A ® (ujx\x s ), E s g) ujx s ) by Serre duality on X s . 
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Proof. Let J 7, be a pure codimension-1 sheaf that is flat over S. Suppose supp(.F') 
contains a fibre 7r _1 (s) of tt. Then the restriction F\ s would be a sheaf of nonzero 
rank on tt~ 1 (s), and by flatness, F would be a sheaf of nonzero rank on Y, a 
contradiction. Therefore, supp(i ;l ) f~l tt^ 1 (s) is a finite set of points for any s G S. 
That is, the restriction tt : supp(_F) — > S is quasi-finite. Since the closed immersion 
supp(-F) >• Y is projective and tt itself is projective, the restriction it : supp(.F') — > 
S is projective; since any projective, quasi-finite morphism is finite, the restriction 
of it to supp(-F) is a finite morphism as claimed. 

Now, suppose we can find a nonzero subsheaf A C F such that A G By. Since 
the restriction it : supp(-F) — > S is quasi-finite, for any s € S, the intersection 
supp(^4) n 7r _1 (s) is a finite set of points. On the other hand, that A G By implies 
7r(supp(^4)) has codimension at least 1; this, along with the last sentence, implies 
A has codimension at least 2 in Y. Since F is a pure sheaf, A must be zero. Hence 
F G B Y , proving the first part of the lemma. 

For the second part, assume d(F) — 1. Then for each s G S, the fibre of tt 
over s intersects supp(-F) at one point with multiplicity 1. Hence supp(-F) is flat 
over S by llarfl Theorem III 9.9]. Thus, locally, the morphism 0s — > ^su PP (F) 
makes Tt*0 S upp(F) a f ree module of rank 1 over 0$, implying 0$ 7T*^supp(F) is 
surjective, hence an isomorphism. Therefore, we obtain a section a : S ^> supp(_F). 
Since F is flat over S, we see that F is a line bundle on supp(F). □ 

When d = 1, Lemma also follows directly from |HVdBl Proposition 4.2]. 
The last equivalence of Proposition 15. 7\ together with Lemma 15.81 and (|2.6|) . 

gives: 

Corollary 5.9. Suppose tt : X — > S is a Weierstrass surface over C and a = 1, b — 
0. Then induces an equivalence of categories 

{line bundles E of fibre degree 0} — > 

{a^L : a is a section of it, and L G Pic(S')}. 

There are numerous results in existing literature that are similar to Corollary 
15.91 see, for instance, [BBR1 Corollary 6.65], |RP[ Theorem 2.1] and |Yos[ Theorem 
3.15, Remark 3.6]. 
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